Abstract. We show that every finite group occurs as the automorphism group of infinitely many finite (field) extensions of any given Hilbertian field. This extends and unifies previous results of M. Fried and Takahashi on the global field case.
Introduction
In the present paper, we are interested in the following rudimentary question in field theory: given an arbitrary field k, is every finite group (isomorphic to) the automorphism group of a finite (field) extension L/k?
1 First negative conclusions on this natural problem can be derived from any classical book in Galois theory. For example, if k = C, then, the answer is obviously negative as C has only one finite extension (namely, the trivial one C/C). Other similar examples are the field of real numbers, finite fields or the field κ((T )) of Laurent series with coefficients in any algebraically closed field κ of characteristic zero.
In [FK78] , E. Fried and J. Kollár gave a positive answer in the case k = Q. However, M. Fried found a gap in their proof and gave a complete and different argument in [Fri80] , even proving that there exist infinitely many finite extensions of Q with a specified automorphism group by using Hilbert's irreducibility theorem [Hil92] . More generally, the proof given in [Fri80] works verbatim for every Hilbertian 2 field of characteristic zero. Independently, Takahashi [Tak80] proved that the answer is positive for all global fields, providing in particular the first examples in positive characteristic. Finally, in [Gey83] Notation. Throughout the paper, let k be a field, T an indeterminate over k, Ω an algebraic closure of k(T ), k the algebraic closure of k inside Ω, and G a finite group. Recall the following classical lemma:
Preliminaries

Field theoretic background. Given a finite (field) extension
2.2. Function field extensions. Let E/k(T ) be a finite separable extension with E ⊆ Ω, Ek the compositum of E and k(T ) inside Ω, and
be such that a(T, x(T )) is a primitive element of E/k(T ). Denote the finitely many elements t ∈ k such that P (t, X) has a multiple root in k by t 1 , . . . , t r . Given t 0 ∈ k \ {t 1 , . . . , t r }, the splitting field over k of P (t 0 , X) inside k is denoted by E t 0 . Moreover, if P (t 0 , X) is irreducible over k, pick a root x(t 0 ) ∈ k of P (t 0 , X) and denote the field k(a(t 0 , x(t 0 )) by E t 0 . 
Proof. As k is Hilbertian, there exist infinitely many t 0 ∈ k such that P (t 0 , X) is irreducible over k. In particular, for such a t 0 (up to finitely many), there exists an isomorphism
by N T and the one of Gal(
Moreover, by Lemma 2.1, one has N T /Gal( E/E) ∼ = Aut(E/k(T )) and
The more precise conclusion under condition (2.1) is quite standard and details are then left to the interested reader.
2.3.
A function field theoretic result. Proposition 2.3 below is a key tool in the proof of Theorem 1.1, which is given in §3.
Proposition 2.3. Given an intermediate field
(1) The polynomial P y (T, X) is irreducible over K(T ) and separable. Moreover, it has Galois group isomorphic to S 3 over K(T ).
(2) Denote by K y the field generated over K(T ) by any given root of
Proof. For (1), we refer, e.g., to [JLY02, §2.1]. Now, we prove (2). Let x 1 (resp., x 2 ) be a root in Ω of P y 1 (T, X) (resp., of P y 2 (T, X)). We show below that the fields K(T )(x 1 ) and K(T )(x 2 ) are distinct. Using that
for each i ∈ {1, 2} and setting δ := y 2 − y 1 , we see that x 2 is a root of the polynomial
. By (1), x 1 is transcendental over K. Then, consider the following polynomial:
Since δ = 0, the polynomial G(Y ) has at least one root in k, say µ, of multiplicity 1. Then, F (X) is an Eisenstein polynomial with respect to the prime element
Hence, (2) holds.
3. Proof of Theorem 1.1
By Proposition 2.2, it suffices to prove Proposition 3.1 below to get the conclusion of Theorem 1.1. Proof. Let n ≥ 1 be an integer such that G is isomorphic to a subgroup of S n . We may and will assume that G itself is a subgroup of S n .
First, let L/k be a finite Galois extension with L ⊆ k and whose Galois group is isomorphic to S n ; such an extension exists as k has been assumed to be Hilbertian 3 . Fix an isomorphism φ : Gal(L/k) → S n and set G ′ := φ −1 (G). As the finite extension L/k is separable, the same holds for the subextension
. By Proposition 2.3, Proposition 2.3 then gives L(T, σ(x(T ))) = L(T, x(T ))(= E). As σ is in Aut(E/k(T )), we get that the left-hand side field is strictly contained in E, which cannot happen as both fields have degree 3 over L(T ).
Finally, it remains to notice that [Ek : k(T )] = 3 (Proposition 2.3) as needed for condition (2.1) of Proposition 2.2. Hence, the conclusion of Proposition 3.1 holds.
